Abstract. We show that the continuous core of any type III factor arising as a direct summand of a free product von Neumann algebra has no Cartan subalgebra. This is a complement to previous works due to Houdayer-Ricard and Boutonnet-Houdayer-Raum.
Introduction and Statement
This short note complements two recent important works on free product von Neumann algebras, due to Houdayer-Ricard [5] and Boutonnet-Houdayer-Raum [1] establishing, among others, the absence of Cartan subalgebra in any free product von Neumann algebra. Those works are based upon the so-called deformation/rigidity theory due to Popa, and the latter one generalizes Ioana's previous important results [6] on type II 1 factors to arbitrary factors. See [1, §1] for historical backgrounds on the subject matter.
Let M 1 , M 2 be two nontrivial (i.e., = C) von Neumann algebras with separable preduals, and ϕ 1 , ϕ 2 be faithful normal states on them, respectively. Then we take their free product (M, ϕ) = (M 1 , ϕ 1 ) ⋆ (M 2 , ϕ 2 ). By [11, Theorem 4 .1] the free product von Neumann algebra M admits the following general structure: M = M d ⊕ M c with finite dimensional M d and diffuse M c such that M d can explicitly be calculated with possibly M = M c , and moreover, such that if (dim(M 1 ), dim(M 2 )) = (2, 2), then M c must be a full factor of type II 1 or III λ (λ = 0) with the T-set
. This note is devoted to establishing the following theorem: Theorem 1. If M c is of type III (automatically a factor of type III) or equivalently the free product state ϕ is not tracial, then the continuous core M c = M c ⋊ σ ϕc R with ϕ c := ϕ ↾ Mc of the diffuse factor part M c does never possess any Cartan subalgebra.
It is well-known that for a von Neumann algebra N and a MASA A in N one has
with a faithful normal state ψ = ψ • E on N , where E denotes the unique normal conditional expectation from N onto A. We remark that the work [1] shows the absence of only such special Cartan subalgebra in the continuous core of an arbitrary free product von Neumann algebra. Hence Theorem 1 is seemingly stronger than the original one [1, Theorem A] (though it is unclear at the moment of this writing whether the consequence of Theorem 1 does not follow from that of [1, Theorem A] as a general principle). Therefore, Theorem 1 and [12, § §2.4] establish that all the canonical semifinite factors attached to any type III factor arising as a direct summand of a free product von Neumann algebra have no Cartan subalgebra.
Consequently, this note completes, though its contribution is small, the study of proving the absence of Cartan subalgebra for arbitrary free product von Neumann algebras.
We follow the notational rule in our previous papers [11] , [12] (see the glossary at the end of the introduction of [11] ), and simply refer to [10, Ch.XII] for the general structure theory for type III factors. The continuous core M already appeared above is exactly the semifinite von Neumann algebra of the so-called associated covariant system of M in [10, Definition XII.1.3].
Proof
The next observation is the key of our discussion below. In what follows, for a given (unital) inclusion P ⊇ Q of von Neumann algebras we denote by N P (Q) the set of all normalizers of Q in P , i.e., all u ∈ P u with uQu * = Q.
Lemma 2. Let N be a von Neumann algebra with separable predual and ψ be a faithful normal positive linear functional on it. Then the normalizers
Proof. The discussion below follows the idea of the proof of [8,
by taking the Fourier transform on the second component, where L ∞ (R) acts on L 2 (R) by multiplication and the v t , t ∈ R, are the unitary elements in L ∞ (R) defined to be v t (s) := e its , s ∈ R. Hence it suffices to work with the inclusion (1) instead of the original inclusion.
Let
Appendix IV] (together with a trick used in the proof of [7, Theorem 17 .41] if necessary) one can choose a non-singular Borel bijection α : R → R in such a way
Since the standard Hilbert space H := L 2 (N ) is separable (see e.g. [14, Lemma 1.8]), we can appeal to the disintegration , that there exists a conull subset S of R so that for every s ∈ S one has σ ψ t (w(s)) = e it(α −1 (s)−s) w(s) for all rational numbers t and hence for all t ∈ R by continuity. Therefore, for all s ∈ S t → σ 
implying that α −1 (s) = s and w(s) ∈ N ψ . Thanks to [4, Part II, Ch. 3, §1, Theorem 1] we conclude that
with the constant field N ψ (s) = N ψ . This immediately implies the desired assertion. 
where we define ϕ e k := ϕ ↾ e k Me k so that σ We then treat with the remaining case; namely w := v(e 0 ⊗ 1) = 0. This case was essentially treated in the proof of [5, Theorem D] . As before one observes that (De 0 ⋊ σ ϕe 0 R)w * w is a Cartan subalgebra in w * w(e 0 M e 0 ⋊ σ ϕe 0 R)w * w with ϕ e0 := ϕ ↾ e0Me0 . By the assumption here e 0 M e 0 ∼ = M (= M c ) is a non-hyperfinite factor of type III, and hence w * w(e 0 M e 0 ⋊ σ ϕe 0 R)w * w is not hyperfinite by [ 
